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The genus of a finite group G is the smallest genus of its Cayley graphs. If G has 
genus g > 1, then by theorems of Tom Tucker IGI < 168(g - I ) and this inequality 
is strict unless G can be generated by elements a, b, c satisfying a’= b2 = c* = 
(ab)* = (bc)’ = (ac)’ = 1 with ab and bc generating a proper subgroup of G. Conver- 
sely, any group G of the latter sort has genus g = ICI/168 + 1, and, moreover, is 
faithfully representable as a group of homeomorphisms of a compact Riemann sur- 
face S of the same genus g, with half the elements of G reversing the surface’s oricn- 
tation. This paper describes all such groups G which have order less than 2 million, 
and gives for each corresponding value of g (in the range 1 <g i 11,905) the num- 
ber of distinct possibilities for the Riemann surface S. The classification follows that 
of all Hurwitz groups of order less than I million, obtained by the same author. 
1’ 1988 Academic Press, Inc. 
1. INTRODUCTION 
The genus y(G) of a finite group G is the smallest genus of those closed 
orientable surfaces into which can be embedded the Cayley graph 
corresponding to some presentation for G. Groups of genus 0 are well 
known as the spherical space groups, first classified by Maschke (see [ 171). 
The classification of all toroidal groups (that is, groups of genus 1) was 
carried out quite recently, by Viera Proulx (see [ 11)). In both cases, 
infinite families of groups occur. On the other hand, also recently Tom 
Tucker [14] proved that if y(G)> 1, then in fact IG] < 168(7(G)- 1); and 
as a consequence, there are only finitely many groups having a given genus 
gwheng>l. 
Tucker’s bound is particularly interesting. For one thing, it coincides 
with a similar bound he obtained in [15] for the symmetric genus a(G) of a 
group G. Tucker defines g(G) to be the smallest genus of all those surfaces 
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on which G can be represented faithfully as a group of homeomorphisms. 
In this context the group action may include reflections, that is, 
homeomorphisms which reverse the surface’s orientation (in which case 
there is a subgroup G” of index 2 in G, consisting of the orientation-preser- 
ving elements). He shows that y(G) d cr(G) for every finite group G, and 
also that if g(G) > 1 then IGI < 168(0(G) - 1). Moreover, when the latter 
bound is attained, G has to have a presentation in the form (a, b, c 1 
a2 = b2 = c2 = 1, (ab)2 = (bc)3 = (ac)‘= 1, . ..). such that the elements ab and 
bc generate a subgroup of index 2 in G. The same thing happens also when 
IGI = 168(?(G) - l), as can be seen from Theorems 5.1 and 5.2 in [16]. 
Conversely, if G is any group which has a presentation of the above 
form, with the subgroup (ab, bc) being non-trivial and having index 2 in 
G, then there is a faithful action of G on an orientable surface of genus 
IGl/168 + 1 (and in this action (ab, bc) is the subroup Go of all elements 
preserving the surface’s orientation). Moreover, the Cayley graph 
corresponding to the generating set {a, b, c} for G can be embedded into 
the same surface. It follows of course that y(G) < cr(G) d IG1/168 + 1, but as 
explained in [S], such a group G cannot have genus 0 or 1, and therefore 
y(G) = a(G) = IGl/168 + 1. 
For obvious reasons, we call any group of this sort a group of minimal 
genus. To be specific, the group G has minimal genus if and only if 
y(G)=a(G)= IGl/168 + 1, or, equivalently, if and only if G can be 
generated by elements a, b, c which satisfy a2 = b2 = c2 = (ab)’ = 
(bc)3 = (ac)‘= 1, with the subgroup Go = (ab, bc) being non-trivial and of 
index 2 in G. (In Tucker’s notation, this means G has a proper (2,3,7) 
generating set.) 
If G is such a group, then putting x = ab and y = bc, we see 
x2 =y3 = (xy)‘= 1, so that Go is a Hurwitz group (see [4]). Further, 
letting t= b, the relations a2= b*=c*= 1 can be rewritten as (xl)*= t2= 
(ty)’ = 1, hence G is a quotient of the abstract infinite group 
Q = (x, y, r 1 x2 =y3 = (xv)~ = r2 = (xrf2 = (yr)’ = 1) we introduced in [2]. 
Conversely, any non-trivial finite quotient of R which contains a Hurwitz 
group as a subgroup of index 2 must be a group of minimal genus. 
In particular, by our main result in [2], all but finitely many of the sym- 
metric groups S, have minimal genus. (Actually y(S,) = n!/168 + 1 for all 
n > 167, and for 90 values of n less than 167 as well.) Also the 2-dimen- 
sional projective group PGL(2, q) has minimal genus for infinitely many 
values of the prime-power q, as shown in [ST] using Macbeath’s results [9] 
for the groups PSL(2, q). Otherwise, however, very few examples are 
known. 
In this paper we describe all the groups of minimal genus which have 
order less than 2 million. The latter bound might seem rather arbitrary 
(and it is!), but it is appropriate in that this paper is the promised sequel to 
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[4], where all Hurwitz groups of order less than 1 million were deter- 
mined. 
The main idea is as follows. Suppose H is a Hurwitz group, with 
generators x and y satisfying the usual relations x2 = y3 = (xy)’ = 1. It is 
well known that H acts faithfully as a group of 84(g - 1) conformal 
homeomorphisms of a Riemann surface S of genus g. Now suppose further 
that there is an automorphism t: H + H such that t(x)=x and t(y)=~~r. 
Then we may form the semi-direct product G = H(t) of H by the cyclic 
group (t ), and with t acting by conjugation on H it is easy to verify that 
the relations t* = (xl)* = (yt)’ = 1 are satisfied. As also H has index 2 in G, 
this group G has minimal genus. Moreover, it follows from the work of 
David Singerman in [ 133 that this element t induces an anti-conformal 
homeomorphism of S, and accordingly S is a symmetric Riemann surface. 
(Also H is the subgroup GO mentioned earlier.) On the other hand, if H has 
no such automorphism t, then S is not symmetric, and there is no group G 
of minimal genus containing H as a subgroup of index 2. Hence our 
approach is to examine the Hurwitz groups listed in [4], and in each case 
consider the existence of the appropriate sort of automorphism. 
Often it turns out that t coincides with an inner automorphism of H, 
induced by some involution w E H. When this happens, obviously wt cen- 
tralizes H, indeed wt E Z(G), but also ( PV~)~ = w( twt) = w( w ’ ww) = u12 = 1, 
so that G=H(t)=H(wt)gHx(wt)EHxC,. Accordingly HxC, is 
our group of minimal genus. On the other hand, now putting A = xw and 
B=w and C=wy, we have A2=B2=C2=(AB)2=(BC)3=(AC)7= 1, 
with the elements AB and BC generating H itself (rather than a proper 
subgroup of H). In the notation of Singerman [ 121, this means H is an 
H*-group, and as such, H can be identified with a group of 84(p- 2) 
homeomorphisms of a non-orientable surface with p cross-caps. Further- 
more, also the Cayley graph corresponding to the generating set {A, B, C} 
for H can be embedded into the same sort of surface, and indeed it follows 
that - IHI/ is the maximum characteristic of the Cayley graphs for H. 
But unfortunately the determination of the genus of H is not so easy, as 
that requires an embedding into a surface that is orientable (see [16] for 
further comment.) 
We proceed by considering one-by-one the 92 proper normal subgroups 
of index less than lo6 in the triangle group A = (x, y I x2 =y3 = (xy)’ = 1 ), 
in the order of their appearance in [4]. Each such normal subgroup N of A 
uniformizes a compact Riemann surface S of genus g, and then the quotient 
A/N is isomorphic to a Hurwitz group H, which is a group of 84(g - 1) 
conformal automorphisms of S. Also the group A is identifiable with the 
subgroup generated by the elements x and y in the group Q mentioned 
earlier, and accordingly the surface S is symmetric if and only if N is a nor- 
mal subgroup of 52. When this happens of course Q/N is isomorphic to a 
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group G of minimal genus, containing H as a subgroup of index 2. But 
from a more practical standpoint, if we want to prove no such group G 
exists, then we need only show that the subgroup N is not normalized by 
the element TV Q. Indeed 42 of our 92 surfaces turn out to be non-sym- 
metric. 
The rest of this paper is divided into sections which parallel those of [4], 
in that we first consider the case where the Hurwitz group H is simple, and 
so on. 
2. SUPPOSE H Is SIMPLE 
As we showed in Section 2 of [4], the only simple Hurwitz groups of 
order less than lo6 are the groups PSL(2, q) for q = 7, 8, 13, 27, 29, 41, 43, 
71, 83, 97, 113, and 125, plus Janko’s group J, and the Hall-Janko 
group Jz. 
The groups PSL(2, q) may be dealt with using our results from [S]. 
First recall that in each case where q is prime, there are three possibilities 
for the surface S, while if q is the cube of a prime then there is just one such 
surface. Well, in all cases the surface S is symmetric (see [ 13]), and also 
the group G has to be either PGL(2, q) or PSL(2, q) x CZ, depending on 
the value of q (mod 4) and on properties of the polynomial A3 + 1’ - 21- 1 
over GF(q). Indeed by inspection of the zeros of this polynomial in the field 
GF(q) in each case, as described in [S], we find that PGL(2, q) has 
minimal genus if q = 7, 13, 27, 29, 41, 43, 71, 83, 97, or 113, this taking into 
account two possibilities for S whenever q = 1 (mod 4) but just one surface 
otherwise, and PSL(2, q) x C, has minimal genus if q = 8, 13, 29, 4 1, 43, 7 1, 
83, 97, 113, or 125, this taking into account two possibilities for S 
whenever q- 3 (mod 4) but just one surface otherwise. The groups 
PSL(2, 7) x CZ and PGL(2,8) and PSL(2,27) x C, and PGL(2, 125) do 
not have minimal genus. 
Next, Graham Higman proved in [7] not only that J, is a Hurwitz 
group, but also that J, is a quotient of the group Q. Hence in Singerman’s 
notation, J, is an H*-group, and therefore J, x C, has minimal genus. Of 
the seven possibilities for the surface S, however, only one is symmetric. 
This can be seen from the generating pairs (a, h) given on the microfiche 
supplement to [lo] by McKay and Young: each of the first seven pairs for 
J, satisfies u’ = h3 = (ah)’ = 1, but except in the seventh case, replacing h by 
h ’ gives a different presentation for J,, which in turn means the 
corresponding normal subgroup N of A is not normal in Q. (As for the 
seventh pair (a, h), there is a permutation u of the numbers 1 to 266, but 
fixing 1, 57, 59, 116, 129, 194, 247, and 264, such that u2 = (a~)~ = 
20 MARSTON CONDER 
(!w)~ = 1; then since Aut(J,) g J,, we conclude that u E J’ also, and this 
gives an alternative proof of the fact that J’ is an H*-group.) 
Similarly we can use the generating pairs given by McKay and Young in 
the case of the Hall-Janko group J,. Of the live pairs (a, b) for J, with 
a2 = h3 = (~6)’ = 1, just one gives a presentation which is preserved when b 
is replaced by b- ‘, hence only one of the five surfaces we associate with Jz 
is symmetric. Now for this pair (a, b), the third listed for J, on the 
microfiche, again there is a permutation u such that u2 = (a~)~ = (bu)2 = 1. 
Actually u has to be the permutation (1, 20) (2, 65) (3, 68)(4, 13)(5, 98) 
(7,84)(8,17) (9, 100) (12,71) (14,66) (16,33) (18,46) (22,74) (24,76) 
(2563) (26,41) (27,58) (28,48) (31, 59) (32,62) (35,64) (36,99) (37,96) 
(38,44) (39,40) (42, 55) (43,92) (45,67) (47, 56) (49,91) (50, 86) (51,83) 
(52, 75) (53, 57) (60,Sl) (61, 89) (69,70) (72, 85) (73,78) (77,97) (79,SO) 
(82, 90) (88, 94), fixing 6, 10, 11, 15, 19, 21, 23, 29, 30, 34, 54, 87, 93, and 
95, in order for the above relations to be satisfied. (One way of seeing this 
is to draw the coset diagram associated with the given permutations, as in 
[2]. Incidentally, the diagram turns out to be the same as that construc- 
tible as C( 1) O(2) F using the notation and diagrams given in the author’s 
thesis [3].) At any rate, since u is an odd permutation while a and b are 
even, clearly U$ J,. It follows that a, b, and u together generate the group 
Aut(J,), known to contain J, as a subgroup of index 2 (see [IS]). In 
particular, Aut(J,) has minimal genus, while J, x C, does not. 
3. SUPPOSE H Is AN EXTENSION BY PSL(2,7) OF AN ABELIAN GROUP 
In this section, as in Section 3 of [4], we rely heavily on the calculations 
described by Leech in [S] and by Cohen in [ 11. 
First, let x and y be the usual generators of the triangle group A, and put 
A=yP’~y~andB=(~y)3andq,=A4andai=B-’a,B’for l<i<6,asin 
all three of the above papers. Also let t be the element of Q satisfying 
t2 = (x[)~ = (~t)~ = 1. Then txt =x while tyt =yP’, so that yp’tAty= 
y-‘ty-‘xyxty=y-‘yxy-‘xy=xy-‘xy=A-’, and y-1tBty=yp’t(xy)3 ty 
= y ~ ‘(xy ~ ‘)3 y = ( y - ‘x)’ = B- ‘. In other words, conjugation by ty inverts 
the alternative generators A and B of A. Moreover, if N is the normal sub- 
group of A for which A/N E PSL(2,7), then ty acts by conjugation on the 
generators~~(O~i~6)ofNasfollows:y-’ta,ty=y-’tA~ty=A~~=a~‘, 
and then y- ‘tajty=y~‘tB~‘a,B’ty=B’a~~‘B-i=a~~i for 1 <i<6. In 
other words, ty interchanges a, with a; ’ , and a, with a; ‘, and a2 with 
- ’ , and so on. Obviously ty normalizes N; therefore so does t. Indeed we 
%eady know N must be a normal subgroup of Sz, with Q/Nz PGL(2,7). 
Next, for any positive integer m, if we let N, denote the subgroup of N 
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generated by the elements of the commutator subgroup N’ together with 
the mth powers a~ (for 0 d i < 6), then clearly also ty normalizes N, and 
consequently N, is normal in Q. The corresponding quotient Q/N,,, is an 
extension by PGL(2,7) of an Abelian group of order mb and exponent m, 
and has minimal genus. (Actually this provides a construction for an 
infinite family of groups of minimal geneus, but for our immediate 
purposes, only small values of m need to be considered.) 
In particular, if H is one of the Hurwitz groups indicated by Table II in 
[4], with a normal subgroup K isomorphic to the direct product (C,)” for 
m = 2, 3, or 4, then H can be extended to form a group G of minimal 
genus, with G/K z PGL(2, 7). Accordingly also the unique surface S 
associated with H must be symmetric. 
Similarly when Kz (C,)3 the associated surface is symmetric. To verify 
this, we refer to the comments following Corollary 4 in [ 11. These com- 
ments reveal that our Hurwitz group H is now isomorphic to A/L, say, 
where L is the normal subgroup of A generated by the elements of N7 (as 
defined above) together with all conjugates of the element a;- ‘a~u~u3. 
(Note that 3 is the only zero of the polynomial CI* + c( + 2 modulo 7.) Well, 
Y -‘?a6 ‘a:a:a,ty = a,a;3a, 4aq’ = Bp4a,a;3a;4ao ‘B4, but since L 
contains all comutators of elements of N, as well as the elements az and a:, 
we find that a,a,3a;4a, l =a, ~ ‘a:a:a,w for some u’ E L, and thus 
J’ p’ta;1a~a~a3ty= B-4a3a;-‘a;4u;‘B4E Bp4LB4=L. It follows that L is 
normalized by ty, and therefore L is a normal subgroup of Q. The quotient 
Q/L is an extension of (C,)3 by PGL(2, 7), and again, is a group of 
minimal genus. 
In all other cases indicated by Table II in [4], there are two Riemann 
surfaces to consider, but neither of them is symmetric. The first such case, 
involving two surfaces of genus 17, was dealt with explicitly by Singerman’s 
Theorem 5 in [ 131. An alternative proof of non-symmetry can be obtained 
by showing that if, say, L and M are the associated normal subgroups of A 
(for which A/L and A/M are both isomorphic to the Hurwitz group of 
order 1344) then in fact y-‘tLty= M. Both L and A4 contain the normal 
subgroup N, defined earlier, and one contains also a0u,u3 but not ~a, u5, 
while the other contains a,a,a, but not +,a,~,; however, yp’ta,a,a,ty= 
-1 -I 
‘0 ab a4 ~1=~4(~6a,a,)~‘a~‘=a4B(aoa,a,)~1 B-‘uqi.HenceneitherL 
nor M is a normal subgroup of Sz. The same sort of thing happens also in 
the remaining cases, namely where H has a normal subgroup K isomorphic 
to (C,)’ or (C,)3 or (C,)‘x (C4)3 or (C,,)3 or (C,)‘x (C,)’ or (C,b)3 or 
(C,)’ x ( C,)3 or (C2)3 x (C,)? once more, conjugation by the element ty 
will interchange the two normal subgroups L and M of A for which 
A/L z HZ A/M, rather than normalizing each of them, and in particular, 
this means no group of minimal genus can be constructed. 
Thus only four of the Hurwitz groups indicated by Table II in [4] give 
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rise to a group of minimal genus. In each of these cases we get an extension 
by PGL(2, 7) of the corresponding Abelian group (or order 26, 73, 36, or 
46), and the unique associated surface is symmetric. 
4. SUPPOSE H Is AN EXTENSION BY PSL(2,7) OF A SOLUBLE GROUP 
In Section 4 of [4] we showed that if H is any Hurwitz group of order 
less than 106, with a normal subgroup K such that H/Kg PSL(2, 7) and K 
is soluble, but non-Abelian, then either 
(a) K is an extra-special 3-group of order 3’ with K’ = Z(K) = Z(H), 
of order 3, or 
(b) K is a 2-group such that K’ is elementary Abelian of order 8 with 
K’sZ(K), and K/K’z (C,)’ or (C,)’ or (C,)’ x (C,)‘. 
The group H in case (a) is unique, obtainable as a quotient of the 
triangle group A by only one normal subgroup of A, and since that normal 
subgroup then has to be normalized by the element t E Q, the associated 
surface is symmetric, and we get a new group of minimal genus. This group 
G is an extension by PGL(2, 7) of the extra-special group K, but the centre 
of G is trivial: for if t, y, and ui (for 0 < i < 6) now denote the images in G 
of the corresponding elements of Q, then from [4] we know that K’ is 
generated by the element [a,, a,]; however, we find yP’![a,, a,] ty= 
[a; ‘, a; ‘1 = [a,, u4] = [a,, uO] = [a,, u3] ‘, and therefore K’ @ Z(G). 
On the other hand, in case (b) not one of the possibilities for H gives rise 
to a group of minimal genus. To see this, we assume the contrary. Let G be 
a quotient of D such that the images x and y of the corresponding elements 
of Q generate a proper subgroup isomorphic to such a group H, and also 
let t and a, (for 0 did 6) be the images of their counterparts in Q. 
Obviously the ai (0 d i < 6) generate the 2-subgroup K of G, but we know 
y-‘ta,ty=u,’ and 4’~ ‘tuit,~ = a, l I for 1 d id 6; therefore ty normalizes K, 
and then since K’ c Z(K) it is easily seen that ty normalizes K’. Thus K’ is 
normal in G, and we can form the factor group G/K’, which is now also a 
quotient of Q. In particular, G/K’ is a group of minimal genus, and must be 
an extension by PGL(2, 7) of either (C,)’ or (C,)3 or (C,)3 x (C,)’ . By our 
arguments in Section 3, however, no such group exists. (Alternatively, a 
standard argument shows that G/C,(K) is isomorphic to a subroup of 
Aut(K’), but here G/C,(K’)=G/Kg PGL(2,7), of order 336, while 
Aut(K’)rAut((C,)3)g PSL(2,7), of order 168, so again we have a con- 
tradiction.) 
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5. SUPPOSE H Is AN EXTENSION BY PSL(2, ~)OF A SOLUBLE GROUP 
This time we refer once more to [8], where Leech considered generators 
of the normal subgroup N of A for which AjN 2 PSL(2,8). Let x, y, and t 
be the usual generators of the group a, again put A =y ‘~yx and 
B = (xy)‘, but now let a, = (A3B4)* and h, = A ‘a,A and ai= BP’a,B’ and 
h, = B-‘&B’ for 1 d i < 6. Then the a, and bi (for 0 d i < 6) generate the 
subgroup N, and moreover the action of A and B by conjugation on N is 
known (see [S] or [4]). 
As before, y ‘tAty = A - ’ and y ~ ‘tBty = B ‘, and in this case we find 
y ‘ta,ty=y ‘t(A3B4)‘ty = (Ap3fj 4)2=B4(B-4A -3)2B-4=B4a, ‘Bmm4 
= 
a3 -‘, so that also yp’tboty=yp’tAp’a,Aty=Aa;‘A -‘=h6, the last 
part being a consequence of the fact that A ‘b, A = a; ’ . Next for 1 d id 6 
we have y -‘taity=yp’ tB ‘a, B’ty = B’a, ’ B ~ i = 0~1, (with subscripts 
treated modulo 7) and also y- ‘th,ty=y- ‘tBp’b,B’ty= B’/T,B~‘=~,~,. 
Hence ty normalizes N, which is therefore normal in Q. The quotient R/N 
must be isomorphic to PSL(2,8) x C,, by the results of Section 2. 
In fact the image of the element A4B2t in Q/N is a central involution . To 
see this, we use two important observations made by Leech in [S]: first 
(A2B2A2)2 = uoa3, and second A9=a,h2-‘a;‘h6a,h; ‘a;‘h,a,, where the 
a, and hi are as above. Now (A4B2t)2=(yp’xyx)4(~y)p1 t(y-‘~yx)~ 
(xy) ’ t = (y ‘XYX)~ y ‘x(yxy ‘x)” yx = (y ‘XVX)~ = A’ E N, so the 
image of A4B2t has order 2 in Q/N. Also tBp2A 4xA4B2t = t(x)J)(xy -‘xJJ)~ 
4Y ‘xy~)~(xy) ’ t = t(xyxy ’ )’ xt = (xy -‘xY)~ x = A -9x E Nx, while on 
the other hand, tB ‘A 4yA4B2t = t(xy)(xy ‘xy)’ y( y- ‘x~x)~(xy)-’ t = 
tx(yxy ‘x)” yxo’xy ‘x)” t = x( y ‘XYX)~ y ‘x(y -- ‘x~x)~ = xA4B2A4 = 
yB2A4B2A 4 = yA ‘(A2B2A2)‘A2 = yAp2a,a3A2 = yAp’a, ‘h,a,A = 
ya, h, ‘a4 ’ h,u, EON, using the known action of A by conjugation on the 
generators of N. Hence the image of A4B2t commutes with the images of 
both x and y, and is therefore central in Q/N. 
Next let N, be the normal subgroup of A generated by all commutators 
of elements of N, together with all conjutates of the squares of the elements 
a, and h, in A. Since yp’ta,ty=a,!, and yp’tb,ty=b,-, for O<i<6, it is 
not difficult to show that y - ‘tN, ty = N,, and thus N, is normal in Q. The 
factor group Q/N, is an extension by PSL(2, 8) x C, of an elementary 
Abelian group of order 214 (and has minimal genus). 
Every Hurwitz group considered in Section 5 of [4] is a quotient of 
d/N,. Indeed each of these groups is a quotient of AJM, where M 
is the normal subgroup of A generated by all elements of N, together 
with the elements m, = a,a, b,b, and m, = BP’m, B’ for 1 < i < 6. As 
also y -‘tm,ty = a,‘a,‘b,b, = a,a,b,b,z for some z E M, we have 
Y ‘tm,tyEM, therefore y ‘tm, ty = B’y -‘tm,tyB-‘E B’MB-‘=M for 
1 <i < 6, and it follows that y ‘tMty = M, hence M is normal in Q. In 
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particular, the largest of the Hurwitz groups from Section 5 of [4] acts on 
a symmetric Riemann surface, and gives rise to a group of minimal genus, 
namely Q/M. 
The other cases are dealt with easily by defining u=aob,b3.b,b, 
and v = bob,b,b,b,b,b, and w = aob,bzbs, and then letting U, V, and 
W be the subgroups of A generated by all elements of M together 
with the single elements U, v, and w, respectively. This notation is 
slightly different from that used in [4], but nevertheless it follows from 
our calculations in [4] that each of U, V, and W is normal in A. 
Moreover, since A4 contains aoa,b,b, as well as all squares and all 
commutators of the elements ai and b, (for 0 < i < 6) we find yP ‘t~cy = 
yp’ta,b,b,b,b,ty = a3 ‘b,b3b,b, E a,b,b,b4b,M = uM E U, and 
y-‘tvty = y-‘tb,b,b,b,b,b,b,ty = b,b5b,b,b,b,b, E b,b,b,b,b,b,b,M 
= VMG V, and yp’twty = yplta,b,b,b,ty = a,‘b,b,b, E aob,b,b,M = 
wM c W, and so each of U, V, and W is normal in R. In particular, all 
three of the surfaces of genus 769 determined in [4] are symmetric. But 
also now if L is the subgroup generated by the elements of M together with 
U, v, and ~1, then clearly L is normal in 52 as well, and again the associated 
surface is symmetric. 
In all these cases, we obtain a group G of minimal genus which is an 
extension by PSL(2, 8) x C, of an elementary Abelian group K (of order 2’j, 
2’, or 28). When IKl = 2’j or 28 the group G is unique (as is the associated 
surface), but when IK[ = 2’ we find there are three non-isomorphic 
possibilities for G, corresponding to the three normal subgroups U, V, and 
W of Q. This is rather interesting, since in fact the underlying Hurwitz 
groups A/U, A/V, and A/W are mutually isomorphic; however, the proof of 
these claims is not straightforward. It perhaps suffices to say that if we let 
x, y, t, A, B (and so on) be the images in Q/M of the corresponding 
elements of Q, then there is an automorphism 0 of A/M defined by 
B(A)= b,A2 and fl(B)=AB4, such that Q(U)= w and @(u)=u and 19(w)=v, 
and indeed every automorphism of A/M either centralizes L/M or permutes 
its non-trivial elements U, u, and w in a 3-cycle, but no automorphism of the 
latter sort extends to an automorphism of Q/M. The precise details are 
somewhat edious, and may be obtained from the author upon request. 
On the other hand, it is easy to show that each of the groups of minimal 
genus found above is not a direct product of the form H x C2, where H is 
the underlying Hurwitz group. In the other words, the element t of Q 
induces an outer automorphism of each such group H. 
Indeed suppose this is not the case. Let G be a counter-example, 
obtained from H, and as before let x, y, t, A, B (and so on) denote the 
images in G of the corresponding elements of 52. Now conjugation by 
A4B2t, like that by t, induces an inner automorphism of H, so there exists 
an element z E H such that z ~ ‘hz= tBp2Ap4hA4B’t for all hi H. In par- 
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ticular, from observations made earlier in this section, we have z ~ ‘xz = 
A ~‘x=a~‘b~‘a,b,a~‘bg’a6bza~‘x and zr’yz=ya,b;‘a;‘b,a,. Then 
since the elements ai and b; (for 0 < i 6 6) generate the normal subgroup K 
of H for which H/Kr PSL(2, 8), the simplicity of PSL(2, 8) forces 
ZE K. On the other hand, ZC’AZ = tBp2Ap4AA4B2t = tB-*AB’t = t(xy) 
y ‘xyx(xy) -’ t = tyxy ~ ‘xt = y - ‘xyx = A; in other words A centralizes Z. 
It follows that z is of the form a;+fib;bf’b!b;b;btbE, with c(, BE (0, l}. 
To verify this, recall that K is an elementary Abelian 2-group, and that 
a,a,b,b, = 1 in K. The latter relation implies that each of the elements ai 
(for 1 d i < 6) is expressible in terms of the remaining generators ao, b,, b’, 
b,, b,, b,, b,, and b, of K. Moreover, the conjugates of these generators by 
A can now be written as follows: 
A-‘a,A=b 
A-‘b,,A=b;’ =b, 
A ‘b,A=a, = a,b,b,b,b, 
A~‘b,A=b~‘a~‘b,=a,b,b, 
A.‘b,A=b;‘a-’ 4 =a b b b 00'6 
Ap’b4A=b,m’a, = a,b,b’b,b,b, 
Ap’b,A=b;m’a2b, =a,b,b,b,b, 
A ‘b6A=a3 ’ = a,b,b,. 
Using these, the problem of finding all elements in K which are centralized 
by A is effectively reduced to linear algebra. We leave the details to the 
interested reader. 
In fact the only solutions to A ‘zA = z in K are given by z = u%~, where 
a, BE (0, 1) and u=a,b,b,b,b, and w=a,b,b,b, as before. But also from 
our calculations in Section 5 of [4], it is clear that all these elements are 
centralized by B as well, and it follows that z E Z(H). In particular, 
y=z~‘yz=ya,b;‘a;‘b,a,; therefore a,b; ‘a4- ‘b,a, = 1 in K. Again 
expressing each of as, a4, and a3 in terms of the generators a, and bi (for 
(O<i<6), this leads to a,b,b,= 1, and then 1 = Bp3aob3b,B3 = a,b,b, 
= a,b,b,b,b, = b,b,b,b,b,b,, and so on, until eventually a0 = b,= b, = 
b, = b, = b, = b, = b,, and K is trivial. 
Thus we have a contradiction. No such counter-example xists. 
6. THE FINAL RESULT 
Our task is almost completed. We have only the direct products and the 
central product found in Section 6 of [4] left to consider. 
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The direct products are easy to deal with. First, as in [4], we let S, T, Ui 
(for i= 1,2, 3), and V, (for j= 1,2) denote the normal subgroups of d for 
which A/S? PSL(2,7) and A/Tz PSL(2,8) and AlU,z PSL(2, 13) and 
A/V, is isomorphic to the Hurwitz group of order 1344. Then as we have 
seen already, the subgroups S, T, and all the U, are normal in R, while the 
Vi are not; indeed yP ‘t V, ty = V,. Well now also the subgroup S n T is 
normal in Q, hence the surface associated with the direct product 
PSL(2, 7) x PSL(2, 8) must be symmetric, and in fact it is already obvious 
that the group PGL(2, 7) x PSL(2, 8) has minimal genus. Similarly each of 
the subgroups Sn Ui is normal in 52, and the three associated surfaces are 
all symmetric. In one case we find PGL(2,7) x PSL(2, 13) as a group of 
minimal genus, while in the other two cases the group which arises must be 
a subdirect product of PGL(2, 7) and PGL(2, 13) that is, a subgroup G of 
index 2 in PGL(2,7) x PGL(2, 13) with the usual projections mapping G 
onto each factor. Also the subgroups Tn U, are all normal in Q, the 
associated surfaces are all symmetric, and in one case we obtain 
PSL(2, 8) x PSL(2, 13) x C, as our group of minimal genus, while in the 
other two cases we have the group PSL(2, 8) x PGL(2, 13). On the other 
hand, neither Tn V, nor Tn V, is normal in Q, since y ‘t( Tn V,) ty = 
Tny-‘tV,ty=Tn V,, but Tn V,#Tn V, as we showed in Section6 of 
141. Accordingly, neither of the two surfaces of genus 8065 determined in 
[4] can be symmetric, and we find no further group of minimal genus. 
Next, let H be the Hurwitz group of order 366912; this is the central 
product of the groups SL(2, 7) and SL(2, 13) with respect to the subgroup 
generated by the product of their involutions. As we showed in [4], there 
are exactly three normal subgroups Nj (with i= 1,2, 3) of A for which 
A/N, z H, and indeed for each i this subgroup N, is the only normal sub- 
group of A which is contained as a subgroup of index 2 in the intersection 
Sn U, (considered above). Now the involution t ER normalizes Sn U,, so 
tN,t c Sn Ui, but also tN,t is a normal subgroup of A (since t normalizes 
A); therefore tN,t = N,, and consequently N, is a normal subgroup of Q, for 
i= 1, 2, 3. In particular, each of the three associated surfaces is symmetric, 
and the quotients Q/N, are groups of minimal genus. Obviously each of 
these groups has a centre of size 2 (namely (Sn U,)/N;), and then in one 
case we have an extension of this central subgroup by the direct product 
PGL(2,7) x PSL(2, 13) while in the other two cases the extension is by the 
subdirect product of PGL(2, 7) and PGL(2, 13) mentioned earlier. 
This completes our classification, and as a result we have the following: 
THEOREM. Suppose g is an integer in the range 1 <g < 11905 for which 
there exists at least one compact Riemann surface of genus g with 168( g - 1) 
homeomorphisms, half of which reverse the surface’s orientation. Then g is 
one of 3, 7, 14, 118, 129, 146, 385, 411, 474, 687, 769, 1009, 1459, 1537, 
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2091, 2131, 2185, 3404, 4369, 4375, 5433, 6553, 7201, 8193, 8589, or 11626. 
Conversely, to each of these values for g there corresponds at least one sur- 
face with the required properties, and moreover there are precisely 50 distinct 
surfaces which arise in this way. 
Most of the values for g come from cases where the orientation-preserv- 
ing homeomorphisms form a group isomorphic to PSL(2, q) for some q, 
and accordingly there are three surfaces when q is prime, but just one sur- 
face when q is the cube of a prime. The cases g = 2091 and g = 7201 corres- 
pond to the simple groups J, and Jz, and for each of these there is just one 
symmetric surface. Similarly, there is just one symmetric surface (with the 
maximum number of homeomorphisms) when g = 129, 687, 1459, or 8193, 
corresponding to the cases where our Hurwitz group H is an extension by 
PSL(2, 7) of the Abelian group (C,)“, (C,)‘, (C,)“, or (C,)“, respectively; 
see Section 3. Next, Section 4 contributed only one such surface (of genus 
4375) with H being an extension by PSL(2, 7) of an extra-special 3-group, 
while the surfaces considered in Section 5-one of genus 385, three of genus 
769, and one of genus 1537-all turned out to be symmetric. Finally, this 
section contributes one such surface of genus 1009, three of genus 2185, 
three of genus 4369, and three of genus 6553. 
All of the remaining 42 surfaces taken in by the analogous theorem in 
[4] are non-symmetric. 
Also we have this result: 
THEOREM. Suppose G is a group of minimal genus, with IGI < 2 x 106. 
Then G is isomorphic to one of the following: 
(a) PGL(2, q) for q= 7, 13, 27, 29, 41, 43, 71, 83, 97, or 113; 
(b) PSL(2, q) x C, for q= 8, 13, 29, 41, 43, 71, 83, 97, 113, or 125; 
(c) J,xG; 
(d) ANJ,); 
(e) an extension by PGL(2, 7) of one of the direct products (C,)6, 
(C3)“, (CJ”, or (GE 
(f) an extension by PGL(2,7) f o an extra-special group of order 37; 
(g) an extension by PSL(2,8) x Cz f o an elementary Abelian group of 
order 26, 2’, or 2’; 
(h) PGL(2,7) x PSL(2, q) for q = 8 or 13; 
(i) a subdirect product of PGL(2, 7) and PGL(2, 13); 
(j) PSL(2,8) x PSL(2, 13) x C,; 
(k) a central extension of C, by the direct product 
PGL(2,7) x PSL(2, 13) or by the group in case (i) above. 
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Obviously the structure of G is not described explicitly in the cases (e), 
(f), (g), (i), and (k), but may be determined quite easily using the details 
given in [4] and earlier parts of this paper. 
On the other hand, the only H*-groups of order less than IO6 are the 
following: PSL(2, q) for q=8, 13, 29, 41, 43, 71, 83, 97, 113, and 125; the 
simple group J, ; the extensions by PSL(2,8) of elementary Abelian groups 
of orders 26, 2’, and 2’ as given in Section 5 of [4]; and the direct product 
PSL(2, 8) x PSL(2, 13). 
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